Introduction
Quantum harmonic oscillator interacting with thermal field.
Markovian master equation:
• Effect of environment on the oscillator.
• Used in quantum optics, quantum information, decoherence, etc.
Outline:
1. Non-hermitian eigenvalue problem-biorthogonal eigenbasis in space coordinate, properties of solution.
System
Oscillator in thermal reservoir ( = c = 1)
Weak coupling, trace over the field 
Non-Hermitian eigenvalue problem
Existing solution:
• Classical system for anharmonic solids (Prigogine 1962).
• Initial value problem (Agarwal 1973), damping basis (Briegel et.al. 1993) , finite level system Kraus operator (Nakazato et.al. 2006) , numerical solution with Gaussian ansatz.
Non-Hermitian eigenvalue problem in coordinate space.
Right eigenvector Left eigenvector Biorthonormality
C|f ν = z ν |f ν g ν |C = g ν |z ν g µ |f ν = δ µν ⇔ C † |g ν = z * ν |g ν ν |f ν g ν | = I Time evolution |ρ(t) = ν e −iz ν τ |f ν g ν |ρ(0)
Separable coordinates
Bring the equation into separable form.
(1) Center coordinates
Right eigenfunctions
Right eigenvalue problem
Right eigenfunction
Equilibrium function
Left eigenfunctions
Left eigenvalue problem
Eigenfunctions in position coordinates
Weighted scalar product
Un-weighted scalar product
Left eigenfunction:
Eigenfunctions in space coordinates
Left eigenfunction
Density functions are expanded in |f ν |Ψ = ν |f ν g ν |Ψ g ν | as dual vectors serve as projector g 00 = δ(r) projects out the probability component (diagonal component x =x).
Symmetry of eigenfunctions
Eigenvalue independent of b
Unitary operator
Symmetry in Liouville space -symmetry in Hamiltonian H gives symmetry in Liouville operator L = −i(H × 1 − 1 × H), not vice versa.
Wave packet
Wave packet
Ψ a density function
• Diagonal component, probability x =x or r = 0.
• Off-diagonal component, quantum correlation, consider Q = 0.
Decoherence process: hotter environment,
Coherence process: cooler environment, χ c > 1
• Can be understood as decay of non-equilibrium modes.
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Change in quantum coherence length
Measure of quantum correlation.
Quantum coherence length
Time evolution
High temperature 
Estimate time scale
Find functional dependence of time scales that qualitatively described the processes.
Total change in l
Time to reach
High and low temperature limit
• Using the fact
Disappearance of interference pattern
Disappearance of off-diagonal component as decay of non-equilibrium modes.
Example: 4th excited state of simple harmonic oscillator Φ ≡ |4 4| 
Summary
Solve the non-hermitian eigenvalue problem of the collision operator for a quantum Brownian particle.
Obtain biorthogonal basis. In coordinate space, the left eigenfunctions are represented by distribution.
The solution exhibits hyperbolic rotation symmetry with respect to temperature.
Time evolution of quantum processes can be analysed in terms of the decay of non-equilibrium modes. 
Some expressions

